Abstract. For any positive integer g, we completely determine the minimal genus function for Σ g ×T 2 . We show that the lower bound given by the adjunction inequality is not sharp for some class in H 2 (Σ g ×T 2 ). However, we construct a suitable embedded surface for each class and we have exact values of minimal genus functions.
1. introduction 1. 1 . Minimal genus functions. Let M be a smooth closed oriented 4-manifold. It is well-known that any homology class σ in H 2 (M ) is represented by a connected oriented smoothly embedded surface Σ ⊂ M . For each class σ in H 2 (M ), we want to determine the minimal genus of a surface which represents the class σ. In general, calculating minimal genus functions is a difficult problem and there are not so many examples of 4-manifolds whose minimal genus functions are completely known.
In 1994, P. B. Kronheimer and T. S. Mrowka [4] solved this problem for the complex projective plane, known as the Thom conjecture, using the Seiberg-Witten theory. Their result says that the minimal number of genus of a surface representing dh ∈ H 2 (CP 2 ) ∼ =
Main results. Our main theorem is
Theorem 1.2. Let M be Σ g ×T 2 and let σ be a class in H 2 (M ), where Σ g is an oriented closed surface of genus g ≥ 1. We have
(σ = 0) 1 + 1 2 |σ · σ| + (g − 1)|σ · F | (σ · σ = 0 or F · σ = 0) 1 (σ = 0 and σ = u ⊗ v + n(−F ) for some u ∈ H 1 (Σ g ), v ∈ H 1 (T 2 ) and n ∈ Z) 2 (otherwise)
,
Using the adjunction inequality, we have the lower bound G(σ) ≥ 1 + 1 2 |σ · σ| + (g − 1)|σ · F | for every class σ in H 2 (M ) \ {0}. If g is larger than 1, however, we show that there are no embedded surfaces which gives the equation G(σ) = 1 + 1 2 |σ · σ| + (g − 1)|σ · F | for some class σ and the lower bound is improved by 1. That is, the adjunction inequality is not sharp. See Lemma 2.6 for details.
Since the minimal genus function on H 2 (M ) is invariant under actions induced by self-diffeomorphisms of M , it suffices to show, for each orbit of these actions, the above equality for a representative of the orbit. For each representative, we construct a connected embedded surface representing the class whose genus is as in the theorem by the circle sum operation. The circle sum operation is an operation which constructs a new connected embedded surface from two connected embedded surfaces in a 4-manifold. See Section 2.2 for details.
In Section 4, we explain some corollaries related to our main result. The first corollary is about complexity of embedded surfaces. We interpret our main result to complexity of connected surfaces, and then we compare with the minimal complexity functions which arrow disconnected closed surfaces for representing surfaces. In our case, nonsharpness of the adjunction inequality gives difference between the connected version of the minimal complexity functions and the disconnected version.
The second is the result for some non-trivial T 2 -bundles over surfaces. Let N be a non-trivial S 1 -bundle over a genus g surface and let M = N × S 1 . In this case, our constructions of surfaces embedded in Σ g × T 2 also work and we get exact values of the minimal genus function completely.
Finally, we observe automorphisms on H 2 (M ) for M = Σ g × T 2 with g ≥ 2. Let H be the subgroup of the automorphism group Aut(H 2 (M )) defined by H = {φ ∈ Aut(H 2 (M )) | φ * Q = Q and φ * G = G}, where Q is the intersection form of M , and let θ : Diff + (M ) → H be the obvious homomorphism from the group of orientation preserving diffeomorphisms of M . We show that H/Imθ ∼ = Z/2Z and give an explicit generator set for Imθ.
In Section 5 we show that there are topologically locally-flat surfaces in Σ g × T 2 whose genera are strictly smaller than the result stated in Theorem 1.2.
1. 3 . Notations. In this paper, we always assume that 4-manifolds and surfaces are oriented and assume that g is a positive integer. All homology groups are Z-coefficient.
preliminaries
2.1. Self-diffeomorphisms of M and induced actions on H 2 (M ). First, we consider the second homology group of M . By the Künneth formula, we have
Let x 1 , z 1 , x 2 , z 2 , . . . , x g , z g be loops embedded in Σ g as Figure 1 and let y and t be loops representing a meridian and a longitude of torus. We identify each loop with a homology class represented by the loop. We fix the orientation of Σ g by x 1 · z 1 = 1 and the orientation of
Figure 1
Then we take
as a basis of H 2 (M ). We fix the orientation of M by
Next, we construct self-diffeomorphisms of M and consider these actions on the second homology group of M .
Let γ α be a simply closed curve representing a primitive class α ∈ H 1 (Σ g ). Then, for each primitive class α in H 1 (Σ g ), we have a diffeomorphism
defined by a right handed Dehn twist along γ α . For any class τ ∈ H 1 (Σ g ), we have
and hence, we have
For the rest of this paper, we denote R α × Id T 2 by R α for simplicity. The map R α induces an isomorphism
We have
By the above computation, we have
We need more diffeomorphisms to simplify classes in
where λ : I → R is defined by
Note that λ satisfies λ (n) (0) = λ (n) (1) = 0 for all n ≥ 1. Since the restriction of this diffeomorphism on the boundary is the identity map, we can trivially extend this diffeomorphism to a diffeomorphism on M .
Then we have
and denote diffeomorphisms Id Σg × f y and Id Σg × f t of M simply by f y and f t .
for all integer i with 1 ≤ i ≤ g. Hence we have
For the rest of this paper, we use 
Then we map σ to a class σ with
We conclude that there exists a diffeomorphism h with h * (σ)
Proof. By Lemma 2.1, we may suppose that σ satisfies
Furthermore we may suppose that d 1 (σ) = 0 by using R
repeatedly. We map σ to a class σ with d 1 (σ ) = e(σ ) by using D x 1 y . Then we have
and f ±1 t , we map σ to a class σ with
and c 1 (σ ) = d 1 (σ ) = 0.
Circle sum operations.
In this subsection we explain the circle sum operation which makes a connected closed surface from two connected closed surfaces with positive genera. For details see Bang-He Li and Tian-Jun Li [1] . Let W be a 4-manifold and let Σ and Σ be closed oriented surfaces of positive genera disjointly embedded in W . Suppose that there is an embedded annulus q : I × S 1 → W with the following conditions:
at each point and tangent to Σ and Σ on the boundary.
Take a parallel copy q : I × S 1 → W of the embedded annulus q : I × S 1 → W in accordance with the vector field V . We may suppose that
Remove open annuli enclosed by q({0} × S 1 ) and q ({0} × S 1 ) from Σ and enclosed by q({1} × S 1 ) and q ({1} × S 1 ) from Σ . Connect these two remaining surfaces via embedded annuli and after smoothing, we have an embedded closed oriented surface of
Note that the vector field V can be identified with a section of the normal bundle ∼ = I ×S 1 ×C and under this identification, we have another vector field V satisfying the same properties as above by V (s, t) = e iπs V (s, t). Then the circle sum with respect to V gives an embedded closed oriented surface of genus
Hence we do not have to worry about a sign seriously.
In this paper we perform circle sum in a obvious way. That is, for example, we illustrate the circle sum operation as in Figure 2 .
Figure 2
Two loops represent embedded tori T 1 :
, t, 0) and the path γ : I → Σ 2 represents an embedded annulus I × S 1 → Σ 2 × T 2 : (s, t) → (γ(s), t, 0). Then we take a vector field V satisfying the above condition by V (s, t) = (v(s), t, 0), where we identified γ(I) ⊂ Σ 2 with I and v is a vector field on I ⊂ Σ 2 which is transverse to I and tangent to x 1 and x 2 as in the Figure 2 . Hence we can perform the circle sum operation.
2.3.
The generalized adjunction inequality. We use the following theorems to get lower bounds for the minimal genus function. Let ω 1 be a volume form of Σ g and let ω 2 be a volume form of T 2 . Then ω = P * 1 ω 1 − P * 2 ω 2 is a symplectic form on M , where P 1 : M → Σ g and P 2 : M → T 2 are projections. We have a lower bound by applying the above theorems to this symplectic structure. Note that, since the associated complex structure on M is the product of the associated complex structure on each components up to isomorphism, we have 
, c 1 (ω)(S) = 2 − 2g and c 1 (ω)(F ) = 0. By the above theorems, we have
Note that, since M has an orientation reversing self-diffeomorphism, we apply Theorem 2.3 to the case σ 2 ≤ 0.
We need the following lemma to improve this lower bound.
Lemma 2.6. Let g ≥ 2 and let φ : T 2 → M be a continuous map. Then, there are u ∈ H 1 (Σ g ), v ∈ H 1 (T 2 ) and n ∈ Z such that
Proof. Let P 1 : M → Σ g and P 2 : M → T 2 be projections to each component. Since g ≥ 2, we have Im(P 1 * • φ * :
We may assume that
Let γ 1 ⊂ Σ g be a closed curve with [γ 1 ] = P 1 * θ 1 ∈ π 1 (Σ g ) and let γ 2 ⊂ T 2 be a closed curve with [γ 2 ] = P 2 * θ 2 ∈ π 1 (T 2 ). Define a mapψ :
Since π 2 (M ) = {0}, ψ andψ are homotopic. Now, we have
Remark 2.7. For the case g = 1, we also have 
We have an embedded torusΣ ⊂ T 4 by taking the circle
We may assume thatΣ intersects
where q 1 , . . . , qē are the second component of intersection points in Σ 1 × T 2 . Now, we glue (
trivially, where Σ g−1,1 is a compact oriented surface of genus g − 1 with one boundary and U p ⊂ Σ 1 is a small open disk around p. We have an embedded surfaceΣ ⊂ M with g(Σ) = 1 + (g − 1)ē and [Σ] = (a 1 (σ), b , 0, 0, . . . , e(σ), f (σ)) ∈ H 2 (M ).
We identify
by the construction ofΣ, T z 1 t intersects withΣ transversely inā = |a 1 (σ)| points. By taking (b 1 (σ) − b ) parallel copies of T z 1 t and smoothing all intersection points withΣ, we have a connected embedded surfaceΣ . Note that we have Take the circle sum in accordance with the diagram in Figure 4 and smooth all intersections between a 1 (σ)T x 1 y and b 1 (σ)T z 1 t .
Then we have an embedded connected surface Σ with g(Σ) = 1 + 1 2 | σ · σ |.
Suppose that σ = 0 and σ = u ⊗ v + n(−F ) for some u ∈ H 1 (Σ g ), v ∈ H 1 (T 2 ) and n ∈ Z. If u ⊗ v = 0, clearly we can represent σ by an embedded torus, and hence we may suppose that u = 0 and v = 0. 
Take kl parallel copies of this embedded torus and n parallel copies of a fiber. Then we have an embedded torus representing σ by connecting all these tori using the circle sum.
Finally, suppose that σ · σ = 0 and σ is not of the form u ⊗ v + n(−F ) for all u ∈ H 1 (Σ g ), v ∈ H 1 (T 2 ) and n ∈ Z. It suffices to show that σ is represented by an embedded Σ 2 ⊂ M . By the proof of Lemma 2.1 and σ 2 = 0, we may suppose that b i (σ) = d i (σ) = 0 for all i ≥ 1. Now we represent σ by embedded tori as in Figure 5 and we get (at most) two tori by taking the circle sum in accordance with the figure. Note that each torus represents
Figure 5
Then we have an embedded Σ 2 representing σ by taking the connected sum of these tori. For minimal complexity functions, we use the following lower bound by M. Nagel [6] .
Theorem 4.3 (Nagel).
Let N be a graph manifold of composite type and let p : M → N be an S 1 -bundle over N . Then we have
for all homology class σ ∈ H 2 (M ), where · T is the Thurston norm.
For the definition of graph manifolds of composite type and the proof of this theorem, see Nagel [6] . Note that Σ g × S 1 (g ≥ 2) is a graph manifold of composite type.
be the projection to the first component. Then we have
Proof. Since p * σ T = 2(g − 1)|σ · F |, the equality for x c follows from Theorem 1.2. Since a homology class σ ∈ H 2 (M ) with σ 2 = 0 and F · σ = 0 is represented by embedded tori, the equality for x follows.
Minimal genus function for other T
2 -bundles.
, where Σ g,1 is a compact oriented surface of genus g with one boundary and φ :
we see M as an S 1 -bundle over a graph manifold of composite type if g ≥ 2. Then, by Theorem 4.3, we have the lower bound for the complexity x(σ) ≥ |σ · σ| + p * σ T and hence, we have the lower bound 1 + 1
M has a symplectic structure and we also have the lower bound 1 + 1 2 |σ · σ| ≤ G(σ).) We can show the same statement as in Lemma 2.6 for this M and we can construct surfaces which give the possible minimal genus as in the proof of Theorem 1.2 for the case σ · F = 0.
Automorphisms on H
. In this subsection we denote Σ g × T 2 by M and assume that g ≥ 2. We observe automorphisms of H 2 (M ) induced by orientation preserving self-diffeomorphisms. Let H be the subgroup of the automorphism group Aut(H 2 (M )) defined by
where Q is the intersection form of M . Let θ : Diff + (M ) → H be the obvious homomorphism from the group of orientation preserving diffeomorphisms of M . Then we have following theorems. Imθ is generated by R α * (α ∈ H 1 (Σ g ) : primitive), D x 1 y * , f y * , f t * and an automorphism h * induced by a diffeomorphism h which is the product of orientation reversing diffeomorphisms Σ g → Σ g and T 2 → T 2 .
To prove these theorems, we need some lemmas.
Lemma 4.8. For any automorphism φ ∈ H, we have φ(F ) = ±F .
Proof. By Lemma 2.6, φ(F ) = u ⊗ v + nF for some u ∈ H 1 (Σ g ), v ∈ H 1 (T 2 ) and n ∈ Z. Suppose that u ⊗ v = 0. Define subsets K and K φ of H 2 (M ) by
Clearly, we have K φ = φ(K). By Theorem 1.2, we have
That is, K φ K and it contradicts to K φ = φ(K) = K.
Lemma 4.9. For any automorphism φ in H, there exist an orientation preserving diffeomorphism h :
Proof. Since F · φ(S) = ±1 by Lemma 4.8, we have e(φ(S)) = ±1. We may suppose that e(φ(S)) = 1.
As the definition of the diffeomorphism D x i y , we can define diffeomorphisms D x i t , D z i y and D z i t for each 1 ≤ i ≤ g with the following properties:
Remark 4.10. Diffeomorphisms defined in the proof are realized by the composition of diffeomorphisms defined in Section 2.1.
Proof.
We have h * (y), h * (t) ∈ H 1 (T 2 ) ⊂ H 1 (M ) by Lemma 4.8. Now, we have h * (u) = ε(u)u for some ε(u) ∈ {±1} for all u ∈ {x 1 , z 1 , . . . , x g , z g , y, t} by a computation. Since h * (S) = S and h * (−F ) = −F , we have ε(x i ) = ε(z i ) for all 1 ≤ i ≤ g and ε(y) = ε(t). Hence, we have ε(
is realized by a diffeomorphism of M . Take a diffeomorphism h 1 of Σ g with the property
Lemma 4.13. For any φ ∈ H, there exists an orientation preserving diffeomorphism
where σ = (a 1 , b 1 , . . . , c g , d g , e, f ), is an element of H. It is obvious that this automorphism preserves the intersection form. So we have only to check that φ preserves the minimal genus function. It suffices to show that φ(K) = K, where K is the subset of
and an integer n ∈ Z such that σ = u ⊗ v + n(−F ). Let u = Σ g i=1 (α i x i + β i z i ) and v = py + qt, where α i , β i , p and q are integer. We have φ(σ) = (Σ g i=1 (α i x i − β i z i )) ⊗ (−py + qt) + n(−F ) and hence, we have G(φ(σ)) ≤ 1. Now, we have φ(K) ⊂ K. Since φ 2 is the identity map, we have K ⊂ φ(K). Therefore, φ is an element of H.
Proof of Theorem 4.7. All diffeomorphisms used in this subsection are given by compositions of R α (α ∈ H 1 (Σ g ) : primitive), D x 1 y , f y , f t and h. Therefore, Imθ is generated by R α * , D x 1 y * , f y * , f t * and h * .
topologically locally-flat embeddings
In this section, we observe topologically locally-flatly embedded surfaces in M = T 2 × Σ g . If a second homology class σ ∈ H 2 (M ) has self-intersection zero, the genus minimizing smoothly embedded surface we constructed before also gives minimal genus among the topologically locally-flat surfaces. Note that, for the case F · σ = 0, the minimality follows from the fact that any continuous map φ : Σ h → Σ g with φ * [Σ h ] = n[Σ g ] ∈ H 2 (Σ g ) for a positive integer n gives h ≥ n(g − 1) + 1.
However, there are topologically locally-flat surfaces in M whose genera are strictly smaller than the result stated in Theorem 1.2. To construct such surfaces, we need the following result shown by Lee Rudolph [7] .
Theorem 5.1 (Rudolph). For any integer n ≥ 6, there is a connected topologically locally-flat surface Σ in CP 2 representing n[CP 1 ] ∈ H 2 (CP 2 ) with genus strictly smaller than 1 2 (n − 1)(n − 2) and transversely intersect with a complex line C in n points.
Note that if we take a sufficiently large 4-ball B ⊂ C 2 ∼ = CP 2 \ C (that is, B is a complement of a small tubular neighborhood of C in CP 2 ), we have a connected topologically locally-flat surface Σ = Σ ∩ B in B so that the boundary ∂Σ ⊂ ∂B ∼ = S 3 is (n, n)-torus link and the genus of Σ is strictly smaller than 1 2 (n − 1)(n − 2). In the following, we construct topologically locally-flat surfaces whose genera are strictly smaller than the result stated in Theorem 1.2 for classes σ of the form σ = eS + f F with e, f ≥ 5. For simplicity, we suppose that g = 1 and n = 6.
Take e parallel copies of sections and f parallel copies of fibers. In Figure 6 each horizontal and vertical line stands for a section and a fiber respectively and each intersection points stands for an intersection point between a section and a fiber.
Remove a suitable 4-ball B which contains intersection points enclosed by the dotted line from M . The boundary sphere contains a link L derived from immersed sections and fibers as in Figure 7 . Attach 2-dimensional 1-handles to the remaining immersed surface as in Figure 8 (we may assume that these 1-handles are arranged in the boundary sphere). Then we have a new surface with boundary L ⊂ S 3 which is isotopic to the (6, 6)-torus link.
Figure 8
We have a singular surface representing σ by gluing M \ IntB and (B, Σ ) via a homeomorphism (S 3 , L ) → (S 3 , ∂Σ ). Now we have a connected topologically locallyflat surface representing σ after smoothing all singularities. Easy computation shows that the genus of the surface is strictly smaller than 1 + ef = 1 + 1 2 |σ · σ|.
